BBeneHne B TEH30PHbIE pa3/10XXeHns
N X NPUNOXEHNS

BnnHoB B.H.
HLUY PAH, AHgekc



[1n1aH

MaTtpuubl; PCA, SVD, paHr
MHOromMmepHble TEH30pPbI; pa3/ioXKeHns Kak 0600LLeHne paHra
KaHOHMn4Yeckoe pas3noxeHne n pasnoxeHme Takepa

lepapxmnyeckmne pasfioXeHus



PCA

AHanu3 rnaeHbIX KOMNOHeHT (Principal component analysis)

Ans 3agaHHOro Habopa 13 N BEKTOPOB X, Pa3MEPHOCTU N

HanTV NpsAMYo (SIMHetHoe MHoroobpasne 60/bLIeN
pa3MepHOCTH), CyMMa KBaApaTtoB PacCTOSAHUI N0 KOTOPbIX
MUHUMaJTLHO.

N

Z(a,xf)zémax
=1

a’ X' X a= max

[MpymeHeHus:
- CHM)XXEeHMe pa3MepHOCTH,
- unbTpauma wyma



SVD

 CuHrynapHoe pasnoxeHue (singular value decomposition).

Npoes: ceazarb matpuuy n3 PCA c ucxogHoun marpuuen X

X' X>diag(\,,\,,...,N ), X ~diag(VA,,\Ny ..., ) ?
V'X"XvV=D,U=XxVD "
Torga U'U = E, V'V=E, 4TO JaéT CUHIYyNApHOe pasnoxeHne marpuubl X:

X=UxV' Ana no6oit matpulb X!

X X X Wy UWe Uz Uy Ug 0

.}\' }1 _}1 ity e Uz UWgq4 Ug Ta L T 5 .
.}\' }1 _}1 = ity e Uz UWgq4 Ug 0 o a1t
.}\' }1 _}1 ity e Uz UWgq4 Ug [ T e T
.}\' }1 _}1 ity e Uz UWgq4 Ug



SVD

* MPWUIOXEHUS: CXATNe N300pakKeHNn

Singular values (semilog) Reconstruction with n=10

104

103 F

102 F

10 E

I 1 1 1 1
50 100 150 200 250

Reconstruction with n=50 Reconstruction with n=299 (full)




SVD

e [Toyemy 3TO XOpoLLO paboTaeT ANd KapTUHOK?

SVD MOXHO paccMarpuBaTth Kak pas/fioxXeHne B BMAe CyMMbl MaTpuy, paHra 1, npuyém
BK1a[, KaXk[0ro cnaraemMoro onpeaensieTca Be/iIM4nMHON COOTBETCTBYHIOLLETO
CUHTY/IAPHOrO vncria. B n3obpaxeHusx SKpoCTb NMUKCensa 3agaéTtcs LenbiM YACIOM,

a OLLIMOKY MOXXHO OLEHUTbL CBEPXY CYMMOM OTOPOLLEHHbIX CUHTYNSAPHBIX Yncen. Ecnn
nocsieqHsas cymma, K npumepy, MeHblle 1, TO MOXHO rapaHTMpoBaTh, YTO U OTK/IOHEHMKE
SAPKOCTU KaKA0ro nukcess B CXXatoMm n3obpaxkeHnn oT opurnHasia dyaert He 6osblue 1.

X=U-2-V'=> 0, u; v}

g==1
I'_'IEEED DEIIE] DEEED
= + +

Kpome Toro, SVD npenoctasnisieT onTuMasibHOe B HEKOTOPOM CMbIC/1E MPUBIMKEHNE
C 3aflaHHbIM paHrom (Teopema JkkapTa-HAHra). SKBUBASIEHTHOCTb MaTPUYHbIX HOPM
NMO3BOJIAET BbINUCATb OLIEHKM Ha OLIMOKY B 60/1ee “none3Hon” ans 3agaHHOW 3aaadun
HopMe.




TeH30psl

e [loa TEH30POM Mbl ByaemM NoHMMaTb MHOroMepHoe 0606LIeHne
MaTpuLbl, KaK MaccuBa yYncesn ¢ Tpemsa 1 6osee nHaeKcamu.

* B HayuHbIX 3aja4yax BCero BO3HMKalOT B 3ajayax B Buae tabnuy
3HAYEHNN PYHKUNM Ha ONCKPETHbIX Habopax 3Ha4YeHui
aprymMeHTOB.

PaccmoTpum 0600LLeHME NpeablayLlei 3aga4um cxxaTus N300paxXeHnsi B TREXMEPHOM
cny4yae; TpEXMepHble N3006padkeHns Ha caMoM [Aerie BNoJsiHe eCTECTBEHHDI:
- 00blYHble poTorpadmnun cogepXxar HeCKo/IbKO KaHas10B LBeTa, YTOo AefaeTt ux
3-TeH30pamMu;
- 06bEMHbIE n306paxeHna MPT;
- LIBETHbIE BNAEOPOSINKN-YXKE 4-TeH30pbl!

3agauun Te xe, Kak npuMmeHuTb SVD K aTuM 06bekTam?
Hy>HO onpeaennTbCA C NOHATUEM paHTra.



ba3oBkie onepaunu

I3mMeHeHne pasmepHOCTH

Tensorization I -
4-TeH30p 4X5X6X7 MOXHO paccmarpuBaTh Kak 0g-g e
- BEKTOP,
Vectorization

T
- MaTpuuy 20x42, ._ '_
- - e .'-’ m 1
_ 3-TeH30p 24X5X7, b\ 'TL .
00beANHAA N pa3fenan UHAEKCHI. Daia [ ]

Matricization —Of Vectorization

Xl - E3

Anrebpanyeckne onepawmnm

- CNNOXeHue,
- BblYUTaHMe,

- CBEpPTKa,

- TEH30pHOE NnpounsBeaeHne,

TEeH30pHbIEe Pa3/I0KEHUST COXPAHSIIOM BO3MOXHOCMb NPOU3BEOEHUS BblHUC/1EHUU,
9mMo He Npocmo apxusayusi OaHHbIX!



[Tpob6nemsl

e Kak nonyymtb pasnoxeHune?

* WTepatuBHblie meToabl (ALS) nnoxo cxoaarca -
Haunydlee npnénmxeHne oMKCUPOBaHHOIO paHra MOXeT He
CyLlecTBOBaTb



KaHOHMYecKoe passioxkeHune

B kauecTBe npocTteunwero 06o6uieHna SVD MOXHO pacCMOTPETb

KaHoHu4eckoe pas/oxeHue (PARAFAC, CANDECOMP)

r

M AR
L | |
by b
o r:V —l_ N —l_ R B @ D |
ai ar a

Hx)r) {I)(R) (R){R)

c1
< A\ w L& KxB
c e T
T —
a a

b,
(R x ])

b,

(I x ] xK) (I x R) r(RxRxR) (R x])



Pa3snoxeHue Takepa n HOSVD

« Bosiee ycTonunBbIM BapuaHTOM SIBNSIETCS pa3fioxeHne Takepa

(I3 %X Ry)

o B
S

([ I x I3) ([, xRy) (R XquxRa) (Ry x1,)

Ero MOXHO nonyuntb NyTém SVD-pa3noxeHusa BAO b KaXa0M
pasmMepHOCTU N 06XeANHEHUIO Pe3ybLTaToB.



[MpunoxeHuna:. HOPLS

Data Aquisition Training Prediction
Tensor ‘H (|Imb trajectories) Prediction of 3D hand trajectory
e < | Trajectory HOPLS PLS
| Motion capture | Tensorization = Tl e g 6 ) \
...... - > g 2 '
---------------------- © x 0
,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, £
¢ o = OCK 55
Xt L] L &3
Ooo,. YO T et >
® Marker %e(, Z(t) § 2
.- . SN § _‘1’ :
T ] . .
N 20 40 60 80 100
Time (s)
\ Model T
parameters -
HOPLS > Predictor
A T

Tensor 2XC (regressors) Data tensor 2* from new recordings

ECoG recordings

Ch1 g \wdAawha o n
Ch2 b AR, Miewear] Tensorization

Mo P "
ch3 Wi '.l.-"":" -

Ch;2 WMW

0 5

Time (s) C’e,)ql et

Figure 14: Prediction of arm movement from brain electrical responses. Left: Experiment setup. Middle: Construc-
tion of the data and response tensors and training. Right: The new data tensor (bottom) and the predicted 3D arm
movement trajectories (X, Y, Z coordinates) obtained by tensor-based HOPLS and standard matrix-based PLS
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Knaccudonkauma n3oopaxeHuin

Linked multiway component analysis (LMWCA)

2

-~}

=]

5

= ®
.~
=

C YYETOM HaMumns o6LMX 1 UHANBUAYASTbHbIX
KOMIMOHEHT.

OTt6pacbkiBas 00LINE KOMNOHEHTbI OCTAETCS
TOJIbKO “HEMOXO0XeCTb” KaXA0ro TeH3opa Ha
OCTaJ/lbHble.

B::IJB[II_KJ I(Ij XR3)

(2)T
B
(2.K)T LT

K
9( )/
(U, x 1, x I) Iy xR)) (R xR,y x Ry) (R, x 1)

P~

OntTnmMmnsauma KoadpnUNEHTOB pas/iIoKeHUs . ~




Sample images from different and same categories

Training data Common features é
Q for each category 2
s
° @ LMW CA ‘ =
2 3]
3 <
< s Test sample
—+— KNN-PCA
g . 7O i
‘ LDA-PCA
Find the class 65— ' ' : :
= LMWCA h whose common 10 20 30 40 50
S h — features best Proportion of training data used (%)
match the test
sample

Performance comparison
Classification based on LMWCA



ACNMNTOTUKA

Table 4: Storage complexities of tensor models for an Nth-order tensor X € RIxD<xI whose original storage

complexity is O(IV).
1.CPD O(NIR)
2. Tucker O(NIR + RN)
3.TT O(NIR?)
4.QTT O(NR?log, (1))

Cichocki, Andrzej, et al.
"Tensor decompositions for signal processing applications: From two-way to multiway component analysis."
IEEE Signal Processing Magazine 32.2 (2015): 145-163.



lepapxmnyeckme passiokeHus

MPUHATbIE 0603HAYEHUS
onepauun ¢ HAeKCamu ANA paboTbl C pas/ioXeHNAMM

(n) o Scalar Vector Matrix
I
IN g ] I a acRk’ A€k
H 1 n+l O O_,r_ _,_O_;_
; I 1 J

3rd-order tensor 4th-order tensor

"
&
‘
3

(b) x w y=Wx
O _ ,
00— -0-
X Wl ‘V2 V—WZWIX
OO+ &
I J K K

X W y
& ’( —( ) = O h(x,y)=xTWy
il J

X w Y
{C / O J C] = O MXY)=tr(XWY)
K

= h(xyz) = W3 x%,y%3z




lepapxmnyeckme pas/iokeHus

TT/MPS

Fig.7 Illustration of the decomposition of a 9th-order tensor, X € R/*L%*b 'into different forms

of tensor networks (TNs). In general, the objective is to decompose a very high-order tensor into
sparsely (weakly) connected low-order and small size core tensors, typically 3rd-order and 4th-order
cores. Top: The Tensor Train (TT) model, which is equivalent to the Matrix Product State (MPS)
with closed boundary conditions (CBC). Middle: The Projected Entangled-Pair States (PEPS). Bot-
tom: The Hierarchical Tucker (HT)



DNN+TN

TeH30pHbIE pa3NoXeHUs AN ONTUMU3aLUMN HEMPOHHbLIX CETEN

Transform to a

Deep tensor network
Neural Network = Tensor Network
(DNN) (TN)
Rounding
U (recompression)
of TN ranks

. Canonicalization
Transform TN

R educed back to DNN
;I\lll ;e = Reduced TN




DNN ~ TN

e HekoTopble TUMbl HEMPOHHbLIX CeTen (Hanpumep, T.H.
convolutional rectifiers [1]) MoryT 6bITb peasin3oBaHbl
C NMOMOLLbIO TEH30PHbIX PA3/TIOXEHUN C USMEHEHHbIM

TEH30PHbIM NPOU3BEAEHNEM

input X representation 1x1 conv

7 pooling 1x1 conv
'.-_ 1"“‘,'! li dense
X, ‘ e L pooiing (output)
| ! ;'f M | ,."II ro I:f' rﬁ & rL 4 l,-" I"L » :.Fk' Y
rep(i,d)=f, (x,) conv, (j,7)= 5(<aﬂ'J"", rep ( j,:))) pool,_, (y)=P{conv,_(j "*V)}J--mrer; e
pDD!‘} ( "h}r) - p{CDHVD ( j "}r)}j'ewmd&wj DUI(}") = (aL']'y, pUD.IIIL_] ()>

[1] Cohen, Nadav, and Amnon Shashua. "Convolutional rectifier networks as generalized tensor decompositions.” International Conference on Machine Learning.
2016.
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